Theorem A.1 in [II19] claimed that a topological CW complex is homotopy equivalent to a smooth CW complex without details. To give a more precise proof, we show a version of Whitney Approximation for a smooth CW complex, which actually enables us to give a concrete proof for Theorem A.1 in [II19].
Introduction
One can collect ideas of smoothness and put them into a site Convex the category of convex sets with non-void interior in euclidean spaces and smooth functions in the ordinary sense, equipped with a coverage in which a covering family on a convex set is all the coverings by open convex subsets (see Chen [Che73, Che75, Che77, Che86] ). A similar method is employed by Souriau [Sou80] (see also Iglesias-Zemmour [IZ13] ) using an open set in place of a convex set in the description of Convex and obtain a simpler or more sophisticated site Open. Following Baez-Hoffnung [BH11] , we use Domain in place of Convex or Open. We call a set X with a functor D X : Domain → Set a smoothological space, instead of saying a chen space or a diffeological space, where Set is the category of sets, which satisfies the following (see also [II19] ).
(D0) For any U ∈ Obj (Domain), D X (U) ⊂ Map(U, X).
(D1) For any x ∈ X and any U ∈ Obj (Domain), D X (U) ∋ c x the constant map at x.
(D2) For any U ∈ Obj (Domain) and any map P : U → X, if there is {U α } α∈Λ ∈ Cov Domain (U) such that P| U α ∈ D X (U α ), then P ∈ D X (U).
(D3) For any U, V ∈ Obj (Domain), a smooth function f ∈ Mor Domain (V, U) induces a map f * : Map(U, X) ∋ P → P• f ∈ Map(V, X) satisfying f * (D X (U)) ⊂ D X (V).
An element of D X (U) is called a plot of X on U. Here, for a site Site, we denote by Obj (Site) the set of objects, by Mor Site (A, B) the set of morphisms from A to B, and by Cov Site (U) the set of covering families on U. In this paper, we call D X a smoothology, instead of saying a chen structure or a diffeology. We denote by Smoothology, instead of Chen or Diffeology, the category of differentiable or diffeological spaces and smooth maps, where a map f : X → Y is called smooth if the composition with f induces a map from D X (U) to D Y (U) for all U ∈ Obj (Domain).
In this paper, a manifold is assumed to be paracompact. We denote by Manifold the category of smooth manifolds and smooth maps which can be imbedded into Smoothology as a full subcategory (see [IZ13] ). One of the advantage to expand our playground to Smoothology than to restrict ourselves in Manifold is that the category Smoothology is cartesian-closed complete and cocomplete (see [IZ13] and [BH11] ).
Topology of smooth CW complex
Taking D-topology, we obtain a functor D : Smoothology → Topology. Since D is a left adjoint functor, it preserves colimits (see [ML98] ), and we obtain Proposition 2.1. If Z is a pushout of f 1 and f 2 in Smoothology, then D(Z) is the pushout of D( f 1 ) and D( f 2 ) in NG. Further for an expanding sequence of smoothological spaces {X n } n≥0 , we obtain D(colim n X n ) = colim n D(X n ) in NG.
Now, let us recall the notion of smooth CW complex introduced in [II19]. A smooth
CW complex X is a colimit of skeleta {X n } n≥0 defined inductively as follows.
• X 0 is a discrete set with discrete smoothology.
• For any n ≥ 0, there is a smooth attaching map h n of all n-cells from a disjoint union of n-spheres S n = ∐ α S n α to X n such that X n+1 = X n ∪ h n ∐ α D n+1 α , the pushout of h n : S n → X n and the natural inclusion S n ֒→ D n+1 = ∐ α D n+1 α . By definition, a smooth CW complex is naturally a topological CW complex with usual topology in NG, and a smooth manifold is also naturally a topological manifold with usual topology in NG, which we shall call their "underlying topology". Proposition 2.2. Let X be a smooth manifold, a disjoint sum of disks, or a smooth CW complex. Then D-topology of X is the same as the underlying topology of X.
Proof: For a smooth manifold or a disjoint sum of disks, the result follows easily from [IZ13, 4.12 ] (see Christensen-Sinnamon-Wu [CSW14, Example 3.2 (1) and Lemma 3.17]).
For a smooth CW complex X with n-skeleton X n , we obtain, by [IZ13, 2.11], that Dtopology of X 0 is the underlying topology. For n ≥ 0, D-topology of D n+1 is the underlying topology, since D n+1 is a disjoint sum of disks. Because X n+1 is a pushout of X n and D n+1 , D-topology of X n+1 is the pushout topology of D(X n ) and D(D n+1 ) = ∐ α D(D n+1 α ) with the underlying topologies by Proposition 2.1. Again by Proposition 2.1, we obtain that Dtopology of X is the weak topology filtered by D(X n ), which is the same as the underlying topology of the smooth CW complex X.
From now on, for a smooth manifold, a disjoint sum of disks, or a smooth CW complex X, we often use X, in place of D(X), in the following manner. For two smoothological spaces X and Y, a map f : D(X) → D(Y) in NG is said to be a "continuous map" f :
For continuous maps f, g : X → Y, we say that f and g are
For a smoothological space X, we denote by Paths(X) the mapping space of all smooth maps from R to X, following [IZ13] . Since Smoothology is cartesian-closed, taking adjoint gives a natural bijection as follows.
Results and Conjectures
A map f from a manifold N is said to be smooth on a closed subspace A ⊂ N if f is smooth on an open superset of A. Let us recall the following theorem (cf. [Lee13] ).
Theorem 3.1 (Whitney Approximation for Manifold). Let M and X be smooth manifolds.
Then for a continuous map f : M → X, there is a smooth map g : M → X and a homotopy from f to g. If f is smooth on a closed subset A ⊂ M, then the homotopy can be taken to be relative to A.
The following is our main result.
Theorem 3.2. Let M be a smooth manifold and X be a smooth CW complex. Then for a continuous map f : M → X, there is a smooth map g : M → X and a continuous homotopy from f to g. If f is smooth on a closed subset A ⊂ M, then the continuous homotopy can be taken to be relative to A.
We know that Theorem 3.1 is usually shown by using Whitney Approximation Theorem together with the tubular neighbourhood technique. In this paper, we shall also use the theorem to show our main result. Let us recall the theorem (cf. [Lee13] ):
Theorem 3.3 (Whitney Approximation Theorem). Let N be a smooth manifold and n ≥ 1.
Then for continuous functions f : N → R n and κ : N → (0, ∞), there is a smooth function g : N → R n such that d( f (x), g(x)) < κ(x) for x ∈ N. If f is smooth on a closed subset A ⊂ N, then g can be chosen to be equal to f on A.
Our goal is to show the following result.
Theorem 3.4. A CW complex is homotopy equivalent in NG to a smooth CW complex.
Proof: For any CW complex Y, we construct a smooth CW complex X and a homotopy equivalence from Y to X. To do this, we define a smooth CW pair (X n+1 , X n ) from the CW pair (Y n+1 , Y n ) and a continuous homotopy equivalence from (Y n+1 , Y n ) to (X n+1 , X n ) in NG, by induction on n ≥ 0. If n = 0, we have nothing to do, and we proceed the case when n+1 ≥ 1, assuming that we have constructed a smooth CW complex X n of dimension n and a continuous homotopy equivalence φ n :
α , where k n : S n → Y n is a continuous map in NG and S n = ∐ α S n α is a disjoint sum of n-spheres in Manifold. Then for a continuous map f n = φ n •k n : S n → X n from a manifold to a smooth CW complex, Theorem 3.2 tells us that there is a smooth map h n : S n → X n in Smoothology which is continuously homotopic to f n :
Then, by standard arguments in homotopy theory, we obtain a homotopy equivalence φ n+1 : Y n+1 → X n+1 extending φ n : Y n → X n in NG. By putting X = colim n X n , we obtain a smooth CW complex X and a homotopy equivalence φ : Y → X which is given by φ| Y n = φ n for all n ≥ 0 in NG.
We expect that the following assertions are also true.
Conjecture 3.5. Let X and Y be smooth CW complices. Then, for a continuous map f : Y → X, there exists a smooth map g : Y → X and a continuous homotopy from f to g. If f is smooth on a closed subset A ⊂ Y, then the continuous homotopy can be taken to be relative to A.
Conjecture 3.6. Let X and Y be smooth CW complices. If they have the same topological homotopy type, then they have the same smoothological homotopy type.
We know a similar statement to Theorem 3.4 for a 'gathered' smooth CW complex defined using cubical cells and 'tame' attaching maps are obtained by different method by Haraguchi and Shimakawa [HS19, Har19] .
Proof of Theorem 3.2
If a manifold M is of dimension d, then a continuous map from M to a smooth CW complex X can be continuously compressed into X d in NG. So we may suppose that Im ( f ) ⊂ X d for some d ≥ 0. To proceed further, we use induction on d ≥ 0. Since it is clear when d = 0, we assume that we have done in case when d ≤ n, from now on.
Let τ = 1 / 6 , η = 1 / 12 , and λ : R → R be a fixed smooth monotone function, satisfying that λ(t) = 0 if t ≤ ε, for a fixed 0 < ε << 1, and that λ(1−t) = 1−λ(t) for all t ∈ R.
Firstly, let {e n+1 α ; α∈Λ} be the set of n+1-cells of X n+1 , and X n+1 = X n ∪ h n D n+1 , where (D n+1 , S n ) = (∐ α D n+1 α , ∐ α∈Λ S n α ) and h n : S n → X n is the smooth attaching map of all n+1 cells. Then there is a smooth characteristic map χ n+1 :
α of X n+1 are defined as follows:
Then Proposition 2.2 tells us the following. (
Proposition 4.4.
(1) f is homotopic to g 1 relative to (M supp (ρ U )) ∪ A. (3) M supp (ρ V ) ⊂ g −1 1 (O) and g 1 | M supp ( ρ V ) is smooth in the ordinary sense.
Proof: (1): A map H 1 : M × R → X n+1 is given, for t ∈ R, by using Corollary 4.3 as:
. U (2τ) ), then by definition, we obtain that g 1 (x) = f (x) and
(1−λ(t))· f (x) + λ(t)·g 1 (x) = f (x) for all t ∈ R. Thus H 1 is a well-defined continuous homotopy from f to g 1 . By the hypothesis on A, we also have f = g 1 on A and hence the homotopy is defined to be relative to (M supp (ρ U )) ∪ A.
(2):
We know that f is smooth on B in Smoothology and that g α is smooth on
α ) for any α and a map f
(3): By definition, g 1 agrees with g α on f
Secondly, we choose a smooth partition of unity
. Then a continuous map K n+1 : D n+1 × R → D n+1 is given, for t ∈ R, by using Corollary 4.3 as:
(1−λ(t)) y +λ(t) y ·y ∈ D n+1 , y ∈ D n+1 supp (ρ ′ U ).
If y ∈ U ⊃ D n+1 supp (ρ ′ V ), then y < 1 / 2 , and (1+λ(t))·y ∈ O. If y ∈ V (−τ) ⊃ D n+1 supp (ρ ′ U ), then 1 / 3 < y ≤ 1, and by y ≤ (1−λ(t)) y +λ(t) ≤ 1, (1−λ(t)) y +λ(t)
. By definition, we have that K n+1 (y, 0) = y for all y ∈ D n+1 , and K n+1 (y, 1)
In particular, K n+1 (y, 1) = y for any y ∈ S n . We define k n+1 : (D n+1 , S n ) → (D n+1 , S n ) by k n+1 (y) = K n+1 (y, 1) for y ∈ D n+1 . Then K n+1 is a well-defined homotopy from id D n+1 to k n+1 with the following property. The smooth map k n+1 : (D n+1 , S n ) → (D n+1 , S n ) is given as follows.
. We know that X n+1 is defined with smooth maps χ n+1 : D n+1 → X n+1 and in X n : X n ֒→ X n+1 as a pushout of smooth maps in S n : S n ֒→ D n+1 and h n : S n → X n in Smoothology, where they satisfy the equation χ n+1 | S n = in X n •h n .
Since K n+1 is smooth in Smoothology by Proposition 4.5, so is its adjoint ad(K n+1 ) :
Smoothology is cartesian-closed. We extend ad(K n+1 ) and k n+1 to obtain smooth maps ad( K n+1 ) : X n+1 → Paths(X n+1 ) and k n+1 : X n+1 → X n+1 which are determined by the following data. 
We define a continuous map H 2 : M × R → D n+1 by the following formula:
Then by definition, H 2 (x, 0) = g 1 (x) for x ∈ M. Using a smooth function ρ A c , we obtain a map g 2 : M → X n+1 given by g 2 (x) = H 2 (x, 1) = K n+1 (g 1 (x), ρ A c (x)) for x ∈ M.
Proposition 4.7. H 2 gives a continuous homotopy relative to A from g 1 to g 2 where g 2 is smooth on B ∪ (M supp (ρ V )) in Smoothology.
Proof: If x ∈ A, then ρ A c (x) = 0 and H 2 (x, t) = K n+1 (g 1 (x), 0) = g 1 (x), for all t ∈ R. Thus g 1 is homotopic relative to A to g 2 : By Proposition 4.4 (2) and (3), g 1 is smooth on B ∪ (M supp (ρ V )) and K n+1 is smooth by Proposition 4.6. Hence g 2 is smooth on B ∪ (M supp (ρ V )), since ρ A c is a smooth function.
Finally, we take open subsets N = g −1 1 (V (−η) ) and L = g −1 1 (U) of M. Here, U ∪ V (−η) ⊃ X n+1 implies that {N, L} is an open covering of M. Moreover, g 2 | N : N → X n is smooth on an open set N ∩ (B ∪ (M supp (ρ V ))) in Smoothology by Proposition 4.7, which is a superset of a closed set N ∩ (A ∪ g −1 1 (Cl U)) in N by Corollary 4.3. By induction hypothesis, g 2 | N is homotopic to a smooth map g ′ N : N → X n relative to N ∩ (A ∪ g −1 1 (Cl U)) in Smoothology. We define a map g : M → X n+1 by g| N = g ′ N : N → X n , g| L = g 2 | L : L → X n+1 . Since g −1 1 (U) ⊂ g −1 1 (Cl U), it follows that N ∩ L = N ∩ g −1 1 (U) is a subset of N ∩ (A ∪ g −1 1 (Cl U)), and that g ′ N agrees with g 2 on N ∩ L, which implies that g is well-defined. Since both of maps g ′ N : N → X n and g 2 | L : L → X n+1 are smooth in Smoothology, so is g. Furthermore, g is continuously homotopic, by induction hypothesis, to g 2 , by Proposition 4.7, to g 1 , and, by Proposition 4.4 (1) to f .
